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S (0, ⌘1,i, ⌘2,i) .
xi0 (y
1
y
2
)
i S (0, ⌘
1,i, ⌘2,i) ,
(i
0
, i) = (1, 0) i
0
= 0
(a
1
+ a
2
) /2 Q0 I :=
i
0
+ i   1 I   1 i
i
0
 
2
2 dDi↵
fib
 
C3, 0; Id
 
Y
2
:= ( 
2
)⇤ (Y1)
Y
2
=  S (0, 1, 1) + xS (1, a
1
, a
2
) +
X
k 1
(y
1
y
2
)
k S (0, µ”
1,k, µ”2,k) .
Y
1
xi0 (y
1
y
2
)
i S (0, ⌘
1,i, ⌘2,i)
(⌘
1,i + ⌘2,i) = 0  2
Y
1
Y
2
A
A
 , 0 2 C⇤ a
1
, a
2
, a0
1
, a0
2
2 C a
1
+ a
2
, a0
1
+ a0
2
2 C\Q0
c
1
, c
2
, c0
1
, c0
2
2 vC JvK
8
>
>
>
>
<
>
>
>
>
:
Y = x2 @@x + (  + a1x+ c1 (y1y2)) y1
@
@y
1
+( + a
2
x+ c
2
(y
1
y
2
)) y
2
@
@y
2
Y 0 = x2 @@x + (  0 + a01x+ c01 (y1y2)) y1
@
@y
1
+( 0 + a0
2
x+ c0
2
(y
1
y
2
)) y
2
@
@y
2
.
  2 dDi↵
fib
 
C3, 0
 
 ⇤ (Y ) = Y 0
  (x, y
1
, y
2
) =
8
<
:
(x, ✓
1
y
1
, ✓
2
y
2
)
ou
(x, ✓
1
y
2
, ✓
2
y
1
)
✓
1
, ✓
2
2 C
( , a
1
, a
2
, c
1
(v) , c
2
(v)) =
8
<
:
( 0, a0
1
, a0
2
, c0
1
(✓
1
✓
2
v) , c0
2
(✓
1
✓
2
v))
ou (respectivement)
(  0, a0
2
, a0
1
, c0
2
(✓
1
✓
2
v) , c0
1
(✓
1
✓
2
v))
Y Y 0   2 dDi↵
fib
 
C3, 0
 
y = (y
1
, y
2
)
( , a
1
, a
2
) =
8
<
:
( 0, a0
1
, a0
2
)
ou
(  0, a0
2
, a0
1
) .
y
1
y
2
( , a
1
, a
2
) = ( 0, a0
1
, a0
2
)
(
Y = Y
(c,r) := xS (1, a1, a2) + ( + c (v))S (0, 1, 1) + r (v)S (0, a1, a2)
Y 0 = Y
(c0,r0) := xS (1, a1, a2) + ( + c
0 (v))S (0, 1, 1) + r0 (v)S (0, a
1
, a
2
) ,
8
>
<
>
:
v = y
1
y
2
c
1
=  c+ r , c
2
= c+ r
c0
1
=  c0 + r0 , c0
2
= c0 + r0 .
ord (c)   1 ord (r)   1 (c, r) = (c0, r0)
  2 dDi↵
fib
 
C3, 0
 
 ⇤
 
Y
(c,r)
 
= Y
(c0,r0) .
D
0
  = diag (1, ✓
1
, ✓
2
)  := (D
0
 )
 1    
' : v 7! (✓
1
✓
2
) v (c̃, r̃) := (c0   ', r0   ')
 ⇤
 
Y
(c,r)
 
= Y
(c̃,r̃) ,
 2 dDi↵
fib
 
C3, 0; Id
 
 = Id
G 2 b 
 
C3, 0
 
 = exp (G)
G = g
0
(x, v)
@
@x
+ g
1
(x, v) y
1
@
@y
1
+ g
2
(x, v) y
2
@
@y
2
,
v = y
1
y
2
gi 2 m ⇢ C Jx, vK i = 1, 2 g0 2 m2 ⇢ C Jx, vK  g0 = 0
G = A (x, v)S (0, 1, 1) +B (x, v)S (0, a
1
, a
2
) ,
8
>
<
>
:
A = Ai,jx
ivj
B =
X
i,j 0
i+j 1
Bi,jx
ivj .
A = B = 0 G = 0  = Id
Y = Y
(c,r)
eY := Y
(c̃,r̃)
(
Y = YS + YN , YS , YN , [YS , YN ] = 0
eY = eY S + eY N , eY S , eY N ,
h
eY S , eY N
i
= 0
.
8
>
<
>
:
YS = eY S = S (0,  , )
YN = xS (1, a1, a2) + c (v)S (0, 1, 1) + r (v)S (0, a1, a2)
eYN = xS (1, a1, a2) + c̃ (v)S (0, 1, 1) + r̃ (v)S (0, a1, a2) ,
 ⇤ (Y ) = eY )
(
 ⇤ (YS) = eY S
 ⇤ (YN ) = eY N
.
(x, v)
(x, v) G
F = B (x, v)S (0, a) ,
a = a
1
+ a
2
Y eY
Z := xS (1, a) + r (v)S (0, a) ,
eZ := xS (1, a) + r̃ (v)S (0, a) .
exp (F )⇤ (Z) = eZ
exp (F )⇤ (Z) = Z + [F,Z] +
1
2!
[F, [F,Z]] + . . .
r (v)S (0, a) + [F,Z] +
1
2!
[F, [F,Z]] + . . . = r̃ (v)S (0, a) .
[F,Z] =
 
 x
 
LS(1,a) (B)
 
+B
 
LS(0,a) (r)
 
  r
 
LS(0,a) (B)
  
S (0, a) .
C(1) (x, v) :=  x
 
LS(1,a) (B)
 
+B
 
LS(0,a) (r)
 
 r
 
LS(0,a) (B)
 
,
[F,Z] = C(1) (x, v)S (0, a) .
l 2 N ad lF (Z)
ad lF (Z) = C
(l) (x, v)S (0, a) ,
C(l)
C(l+1) (x, v) = B (x, v)
⇣
LS(0,a)
⇣
C(l)
⌘⌘
  C(l) (x, v)
 
LS(0,a) (B)
 
.
l   2 C(l) (x, 0) = 0
r (v) + C(1) (x, v) +
X
l 2
C(l) (x, v) = r̃ (v) .
r (v) =
X
k 1
rkv
k r̃ (v) =
X
k 1
r̃kv
k v
v = 0 C(1) (x, 0) = 0
@B (x, 0)
@x
= 0 ord (B)   1 B (x, 0) = 0
j   0 i 2 N k  j Bi,k = 0 rk = r̃k
j = 0 Bi,0 = 0 i   0 r0 = r̃0 = 0
j   0 i   0
(i+ 1, j + 1)
(i+ a (j + 1))Bi,j+1 = 0
C(l) (x, 0) = 0 l   2 a /2 Q0
Bi,j+1 = 0 (0, j + 1)
rj+1 = r̃j+1 B = 0 F = 0 r = r̃
G = A (x, v)S (0, 1, 1) .
exp (G)⇤ (YN ) = eY N
YN + [G, YN ] +
1
2!
[G, [G, YN ]] + . . . = eY N
c (v)S (0, 1, 1) + [G, YN ] +
1
2!
[G, [G, YN ]] + . . . = c̃ (v)S (0, 1, 1) .
[G, YN ]
[G, YN ] =  
 
xLS(1,a
1
,a
2
)
(A) + r (v)LS(0,a
1
,a
2
)
(A)
 
S (0, 1, 1) .
c (v)  xLS(1,a
1
,a
2
)
(A)  r (v)LS(0,a
1
,a
2
)
(A) = c̃ (v) .
8
>
>
>
>
<
>
>
>
>
:
cj  
j k
1
X
k=0
akA
0,krj k = c̃j , j   0
(i+ aj)Ai,j +
j k
1
X
k=0
akAi+1,krj k = 0 , i   0, j   0 .
j   0 i   0 0  k  j Ai,k = 0
ck = c̃k A = 0 c = c̃
 = Id (c, r) = (c̃, r̃)   = diag (1, ✓
1
, ✓
2
) (c, r) := (c0   ', r0   ')
' : v 7! (✓
1
✓
2
) v
A
A.
B
Y 2 b 
 
C3, 0
 
,
dIsot
fib
(Y ) :=
n
  2 dDi↵
fib
 
C3, 0
 
|  ⇤ (Y ) = Y
o
.
Y 2 dSN
fib,nd p = ( , a1, a2, c1, c2) 2
P
fib
Y = x2
@
@x
+ (  + a
1
x+ c
1
(y
1
y
2
)) y
1
@
@y
1
+( + a
2
x+ c
2
(y
1
y
2
)) y
2
@
@y
2
.
dIsot
fib
(Y ) =
n
diag (1, ✓
1
, ✓
2
) , (✓
1
, ✓
2
) 2 (C⇤)2
 
 
 
(c
1
, c
2
) (✓
1
✓
2
v) = (c
1
, c
2
) (v)
o
.
(c
1
, c
2
) 6= (0, 0) ci (✓1✓2v) = ci (v) i 2 {1, 2}
ci C JvqK q 2 N>0 ✓1✓2
qème
Y
Y
dIsot! (Y ) :=
n
  2 dDi↵!
 
C3, 0
 
|  ⇤ (Y ) = Y
o
.
Y 2 dSN! p = ( , a1, a2, c) 2
P!
Y = x2
@
@x
+ (  + a
1
x+ c (y
1
y
2
)) y
1
@
@y
1
+( + a
2
x+ c (y
1
y
2
)) y
2
@
@y
2
.
dIsot! (Y ) =
⇢
diag
✓
1,↵,
1
↵
◆
, ↵ 2 C⇤
 
.
B
B
dSN
diag,nd
.
dDi↵
fib
 
C3, 0; Id
  ' P
fib
dSN
fib,nd
.
dDi↵
fib
 
C3, 0
  ' Pfib
.
(C⇤ ⇥ Z/2Z)
dSN!
.
dDi↵!
 
C3, 0
  ' P!

dSN ⇤ dDi↵
 
C3, 0
 
dDi↵
 
C3, 0
 
n C Jx,yK⇥ dSN
orb,⇤
Y 2 dSN ⇤
Y
0
2 dSN
diag,nd Y dDi↵
 
C3, 0
 
  Y
0
Y
0
dDi↵
fib
 
C3, 0; Id
 
 
Y
norm
= x2
@
@x
+ (    c (y
1
y
2
) + a
1
x) y
1
@
@y
1
+( + c (y
1
y
2
) + a
2
x) y
2
@
@y
2
,
  2 C⇤
a
1
, a
2
2 C res (Y
norm
) := a
1
+ a
2
/2 Q0
c (v) =
X
k 1
ckv
k 2 vC JvK
m :=
1
a
1
+ a
2
k
0
:= ord (c) c̃ =
X
k k
0
c̃kv
k 2 vk0C JvK ord (c̃) =
k
0
c̃k
0
+m = 0 m 2 N>0  2 dDi↵
 
C3, 0
 
 ⇤ (Ynorm) = x2
@
@x
+ (  ( + c̃ (v)) + a
1
x) y
1
@
@y
1
+( + c̃ (v) + a
2
x) y
2
@
@y
2
.
m /2 N>0 ck
0
+m = 0 m 2 N>0 k0 2 N>0
ck
0
+m 6= 0
F :=  m
k
0
.
ck
0
+m
ck
0
vmS (1, a
1
, a
2
)
 := exp (F )
 ⇤ (Ynorm) = Ynorm + [F, Ynorm] +
X
l 2
1
l!
ad lF (Ynorm) .
Y
norm
= xS (1, a
1
, a
2
) + ( + c (v))S (0, 1, 1)
[F, Y
norm
] =
8
<
:
 ck
0
+mv
k
0
+m   ck0+m
k
0
ck
0
vm
X
k k
0
+1
kckv
k
9
=
;
S (0, 1, 1) .
l   0
ord
⇣
ad
 (l+1)
F (Ynorm)
⌘
  ord
⇣
ad lF (Ynorm)
⌘
+m ,
ord
⇣
ad lF (Ynorm)
⌘
  lm+ k
0
+ 1 .
 ⇤ (X) = X + [F,X] +
X
l 2
1
l!
ad lF (Ynorm)
= xS (1, a
1
, a
2
) +
8
<
:
 +
 
k
0
+m 1
X
k=k
0
ckv
k
!
+
0
@
X
k k
0
+m+1
c̃kv
k
1
A
9
=
;
S (0, 1, 1) ,
k   k
0
+m+ 1 c̃k 2 C
c̃ (v) :=
 
k
0
+m 1
X
k=k
0
ckv
k
!
+
0
@
X
k k
0
+m+1
c̃kv
k
1
A .
( , 0, a
1
, a
2
, a0
1
, a0
2
) 2 (C⇤)2⇥C4 a
1
+a
2
2 C\Q0 a0
1
+a0
2
2
C\Q0 m :=
1
a
1
+ a
2
m0 :=
1
a0
1
+ a0
2
(c, c0) 2 (vC JvK)2 ord (c) =
k
0
  1 ord (c0) = k0
0
  1
8
>
>
<
>
>
:
c (v) =
X
k k
0
ckv
k
c0 (v) =
X
k k0
0
c0kv
k
ck
0
+m = 0 c0k0
0
+m0 = 0 m 2 N>0 m0 2 N>0
8
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
:
Z = x2
@
@x
+ (    c (y
1
y
2
) + a
1
x) y
1
@
@y
1
+( + c (y
1
y
2
) + a
2
x) y
2
@
@y
2
Z 0 = x2
@
@x
+ (  0   c0 (y
1
y
2
) + a0
1
x) y
1
@
@y
1
+( 0 + c0 (y
1
y
2
) + a0
2
x) y
2
@
@y
2
.
  2 dDi↵
 
C3, 0
 
 ⇤ (Z) = Z 0
  (x, y
1
, y
2
) =
2
6
6
6
6
6
6
6
6
4
0
@
1 0 0
0 ✓
1
0
0 0 ✓
2
1
A   exp (↵Z +  vmS (1, a
1
, a
2
))
ou
0
@
1 0 0
0 0 ✓
1
0 ✓
2
0
1
A   exp (↵Z +  vmS (1, a
1
, a
2
))
↵,  2 C, ✓
1
, ✓
2
2 C   = 0 m /2 N>0 c 6= 0
( , a
1
, a
2
, c
1
(v) , c
2
(v)) =
2
4
( 0, a0
1
, a0
2
, c0 (✓
1
✓
2
v))
ou (respectivement)
(  0, a0
2
, a0
1
, c0 (✓
1
✓
2
v)) .
  2 dDi↵
 
C3, 0
 
 ⇤ (Z) = Z 0
y = (y
1
, y
2
) ( , a
1
, a
2
) = ( 0, a0
1
, a0
2
) ( , a
1
, a
2
) =
(  0, a0
2
, a0
1
) y
1
y
2
( , a
1
, a
2
) = ( 0, a0
1
, a0
2
) D
0
  =
diag (1,!
1
,!
2
) ✓
1
, ✓
2
2 C⇤  := (D
0
 )
 1    ' : v 7! (✓
1
✓
2
) v c̃ := c0  '
 ⇤ (Z) = eZ = x2
@
@x
+ (    c̃ (y
1
y
2
) + a
1
x) y
1
@
@y
1
+( + c̃ (y
1
y
2
) + a
2
x) y
2
@
@y
2
.
Z = Z̃ c = c̃ G 2 b 
 
C3, 0
 
 = exp (G)
G = g
0
(x, v)
@
@x
+ g
1
(x, v) y
1
@
@y
1
+ g
2
(x, v) y
2
@
@y
2
,
gi 2 m ⇢ C Jx, vK i = 1, 2 g0 2 m2 ⇢ C Jx, vK
G = A (x, v)S (0, 1, 1) +B (x, v)S (0, a
1
, a
2
) + C (x, v)S (1, 0, 0) ,
8
>
>
>
>
<
>
>
>
>
:
A =
P
i,j 0, i+j 1
Ai,jxivj
B =
P
i,j 0, i+j 1
Bi,jxivj
C =
P
i  1,j 0, i+j 1
Ci,jxivj .
Z eZ
(
Z = ZS + ZN , ZS , ZN , [ZS , ZN ] = 0
eZ = eZS + eZN , eZS , eZN ,
h
eZS , eZN
i
= 0 .
8
>
<
>
:
ZS = eZS = S (0,  , )
ZN = xS (1, a1, a2) + c (v)S (0, 1, 1)
eZN = xS (1, a1, a2) + c̃ (v)S (0, 1, 1) ,
 ⇤ (Z) = eZ =)
(
 ⇤ (ZS) = eZS
 ⇤ (ZN ) = eZN .
(x, v) G
(x, v)
F = B (x, v)S
✓
0,
1
m
◆
+ C (x, v)S (1, 0) ,
m =
1
a
1
+ a
2
Z eZ
X := xS
✓
1,
1
m
◆
.
exp (F )⇤ (X) = X
exp (F )⇤ (X) = X + [F,X] +
1
2!
[F, [F,X]] + . . .
[F,X] +
1
2!
[F, [F,X]] + . . . = 0 .
[F,X] = x
⇣
C   LS(1, 1m ) (C)
⌘
S (1, 0) + x
⇣
C   LS(1, 1m ) (B)
⌘
S
✓
0,
1
m
◆
.
ord (F )   2 l   0
ord
⇣
ad
 (l+1)
F (X)
⌘
  ord
⇣
ad lF (X)
⌘
+ 1 ,
[F, Y ] = 0
(
C   LS(1, 1m ) (C) = 0
C   LS(1, 1m ) (B) = 0 .
8
>
>
>
>
<
>
>
>
>
:
Ci,j
✓
1  i  j
m
◆
= 0 , i    1, j   0, i+ j   1
Ci,j  Bi,j
✓
i+
j
m
◆
= 0 , i, j   0, i+ j   1
C 1,j = 0 , j   2 ,
i+
j
m
6= 1 Ci,j = 0 B = C
F = (↵x+  vm)S
✓
1,
1
m
◆
,
(↵, ) 2 C2   = 0 m /2 N
G = A (x, v)S (0, 1, 1) + (↵x+  vm)S (1, a
1
, a
2
) .
{x = 0} ZN eZN G
exp (G)⇤ (ZN ) = eZN {x = 0}
exp
 
G|{x=0}
 
⇤
⇣
(ZN )|{x=0}
⌘
=
⇣
eZN
⌘
|{x=0}
,
(ZN )|{x=0} +
h
G, (ZN )|{x=0}
i
+
1
2!
h
G,
h
G, (ZN )|{x=0}
ii
+ . . . =
⇣
eZN
⌘
|{x=0}
,
c (v)S (0, 1, 1) +
h
G|{x=0}, (ZN )|{x=0}
i
+
1
2!
h
G|{x=0},
h
G|{x=0}, (ZN )|{x=0}
ii
+ . . .
= c̃ (v)S (0, 1, 1) .
h
G|{x=0}, (ZN )|{x=0}
i
=
 
m
8
<
:
X
k k
0
kckv
k+m
9
=
;
S (0, 1, 1) .
n   1 :
 
adG|{x=0}
  n ⇣
(ZN )|{x=0}
⌘
=
 n
mn
8
<
:
X
k k
0
k (k +m) . . . (k + (n  1)m) ckvk+nm
9
=
;
S (0, 1, 1) .
(0, k, k) k < k
0
+m
8k < k
0
+m, ck = c̃k .
k
0
= k0
0
m 2 N k
0
2 N>0 i.e. c 6= 0 c̃ 6= 0 k = k0 +m
0 = c̃k
0
+m = ck
0
+m +
 
m
k
0
ck
0
=
 
m
k
0
ck
0
,
  = 0 k 2 N ck = c̃k c = c̃
 = exp (G)
G = A (x, v)S (0, 1, 1) + (↵x+  vm)S (1, a
1
, a
2
) ,
A =
X
i,j 0, i+j 1
Ai,jx
ivj   = 0 m /2 N>0 c 6= 0 A (x, v) = ↵c (v) 2
C JvK
c = c̃ Z = Z̃ A (x, v)
exp (G)⇤ (ZN ) = ZN
[G,ZN ] +
1
2!
[G, [G,ZN ]] + . . . = 0 .
ord (G)   2
[G,ZN ] = 0 .
[G,ZN ] =
⇣
(↵x+  vm)LS(1,a
1
,a
2
)
(c)  xLS(1,a
1
,a
2
)
(A)
⌘
S (0, 1, 1) ,
(↵x+  vm)LS(1,a
1
,a
2
)
(c)  xLS(1,a
1
,a
2
)
(A) = 0 .
c 6= 0   = 0
↵
v
m
dc
dv
= x
@A
@x
+
v
m
@A
@v
.
A (x, v) =
X
i,j 0, i+j 1
Ai,jx
ivj
(
A
0,j = ↵cj , j   0
Ai,j = 0 , i   1, j   0 .
A (x, v) = ↵c (v) 2 C JvK ,
G = ↵ZN = ↵ (xS (1, a1, a2) + c (v)S (0, 1, 1)) .
c = 0 m 2 N>0 (i, j) 2 N2\ {(0, 0)}
✓
i+
j
m
◆
Ai,j = 0
m /2 Q0 A = 0 = ↵c
G = (↵x+  vm)S (1, a
1
, a
2
) .
c = 0 m /2 N>0   = 0 A = 0 = ↵c
G = ↵xS (1, a
1
, a
2
) .
 = exp (G) = (D
0
 )
 1    
dSN ⇤
Y 2 b 
 
C3, 0
 
dIsot (Y ) :=
n
  2 dDi↵
 
C3, 0
 
|  ⇤ (Y ) = Y
o
.
Y 2 dSN ⇤ p = ( , a1, a2, c) 2 P
Y = x2
@
@x
+ (  + a
1
x  c (y
1
y
2
)) y
1
@
@y
1
+( + a
2
x+ c (y
1
y
2
)) y
2
@
@y
2
,
  2 C⇤, a
1
, a
2
2 C a
1
+ a
2
/2 Q0 c (v) =
X
k k
0
ckv
k 2 vk0C JvK,k
0
= ord (c) ,
m :=
1
a
1
+ a
2
2 N>0 ck
0
+m = 0
c 6= 0 m /2 N>0
dIsot (Y ) =
(
diag (1, ✓
1
, ✓
2
)   exp (↵Y )
 
 
 
 
 
(↵, ✓
1
, ✓
2
) 2 C⇥ (C⇤)2 ,
c (✓
1
✓
2
v) = c (v)
)
;
c = 0 m 2 N>0
dIsot (Y ) =
8
<
:
diag (1, ✓
1
, ✓
2
)   exp
 
↵Y +  vmS (1, a
1
, a
2
)
 
,
(↵, , ✓
1
, ✓
2
) 2 C2 ⇥ (C⇤)2
9
=
;
.
c 6= 0 c (✓
1
✓
2
v) = c (v) c
C JvqK q 2 N>0 ✓1✓2 qème
c =
P
k 1
ckvk 2 vC JvK k0 = ord (c)   2 C⇤ a1, a2 2 C
a
1
+ a
2
/2 Q0 m :=
1
a
1
+ a
2
  2 dDi↵
 
C3, 0
 
 ⇤
✓
S (0, 1, 1) + x
 + c (v)
S (1, a
1
, a
2
)
◆
= S (0, 1, 1) + x
 + cmvm
S (1, a
1
, a
2
) ,
cm := 0 m /2 N>0
(x, v)
X :=
x
 + c (v)
✓
x
@
@x
+
v
m
@
@v
◆
=
x
 + c (v)
S
✓
1,
1
m
◆
.
 2 dDi↵
 
C2, 0
 
 (x, v) = (xg (v) , h (v))
g (v) 2 C JvK⇥ h (v) 2 dDi↵ (C, 0)
 ⇤ (X) =
x
 + cmvm
S
✓
1,
1
m
◆
.
g
1
(v) g
2
(v) vg
1
(v) g
2
(v) = h (v)
  : (x, y
1
, y
2
) 7! (xg (y
1
y
2
) , y
1
g
1
(y
1
y
2
) , y
2
g
2
(y
1
y
2
)) ,
S (0, 1, 1) + x
 + c (v)
S (1, a
1
, a
2
)
S (0, 1, 1) + x
 + cmvm
S (1, a
1
, a
2
)
g
1
g
2
m 2 N>0
V :=
vm+1
 + c(v)
@
@v
.
vm
x
X
 2 dDi↵ (C, 0)
 ⇤ (V ) =
vm+1
 + cmvm
@
@v
.
 : (x, v) 7 ! ( 
1
(x, v) , 
2
(x, v)) =
✓
x (v)m
vm
, (v)
◆
.
 ⇤ (X) =
x
 + cmvm
S
✓
1,
1
m
◆
.
m /2 N>0
S
 
1, 1m
 
Z X
X = x
✓
1
 
+ c̃ (v)
◆
S
✓
1,
1
m
◆
c̃ =
X
k 1
c̃kvk 2 vC JvK
exp
 
↵lvlS
 
1, 1m
  
l   0 c̃

X,↵lv
lS
✓
1,
1
m
◆ 
=
0
@
✓
l
m
  1
◆
↵l
 
xvl +
X
k 1
c̃kxv
l+k
✓
l   k
m
  1
◆
1
AS
✓
1,
1
m
◆
.
c̃l ↵l
l
m   1 6= 0 l   1
m /2 N>0  2 dDi↵
 
C2, 0
 
Y 2 dSN
orb,⇤ Y
dSN
diag,nd
dDi↵
fib
 
C3, 0; Id
 
 
Y
norm
= x2
@
@x
+ (  ( + c (v)) + a
1
x) y
1
@
@y
1
+( + c (v) + a
2
x) y
2
@
@y
2
,
c =
P
k 1
ckvk 2 vC JvK   2 C⇤ a1, a2 2 C a1+a2 /2 Q0 m :=
1
a
1
+ a
2
Y
norm
( + c (v)) 2 C JvK⇥
1
 + c (v)
Y
norm
S (0, 1, 1) + x
 + cmvm
S (1, a
1
, a
2
)
✓
1
 + cmvm
◆
 
x 7! x  (y1, y2) 7!
1
 
cm
 
 
1
2m
(y
1
, y
2
) cm 6= 0
Z 2 dSN
orb,⇤
Z = x2
@
@x
+ ( 1  ⌘ (y
1
y
2
)
m
+ a
1
x) y
1
@
@y
1
+(1 + ⌘ (y
1
y
2
)
m
+ a
2
x) y
2
@
@y
2
,
a
1
, a
2
2 C a
1
+ a
2
/2 Q0 ⌘ 2 {0, 1} ⌘ = 0 m :=
1
a
1
+ a
2
/2 N>0
g (x,y) 2 m ⇢ C Jx,yK   2 dDi↵
 
C3, 0
 
  2 C f (v) 2 C JvK
 ⇤ ((1 + g (x,y))Z) = (1 +  x+ f (y1y2))Z .
G = 1 + g (x,y) 2 C Jx,yK X = Y =
GZ ⌧ 2 C Jx,yK
( ⌧GZ)
⇤
(GZ) =
1
1 + LGZ (⌧)
GZ .
F = (1 +  x+ f (v)) 2 C Jx, vK ⌧ 2 m ⇢ C Jx,yK
( ⌧GZ)
⇤
(GZ) = FZ ,
LZ (⌧) =
1
F
  1
G
.
H =
X
(j
0
,j)2N⇥N2
Hj
0
,jx
j
0zj 2 C Jx,yK
LZ (⌧) = H
⌧ =
X
(j
0
,j)2N⇥N2
⌧j
0
,jx
j
0yj 2 m ⇢ C Jx,yK
(
H
0,j,j = 0 , 8j 2 N
H
1,0,0 = 0
.
8
>
>
>
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
>
>
>
:
H
0,j,j = 0 , 8j 2 N
H
1,0,0 = 0
⌧j
0
,j
1
,j
2
=
1
j
2
  j
1
(Hj
0
,j
1
,j
2
    (j
2
  j
1
) ⌧j
0
,j
1
 m,j
2
 m   (j0   1 + a1j1 + a2j2) ⌧j
0
 1,j
1
,j
2
) ,
8 (j
0
, j
1
, j
2
) 2 N3 j
0
  1 j
1
6= j
2
⌧
0,j
1
,j
2
=
1
j
2
  j
1
(H
0,j
1
,j
2
    (j
2
  j
1
) ⌧
1,j
1
 m,j
2
 m) , 8 (j1, j2) 2 N2, j1 6= j2
⌧j
0
,j,j =
1
j
0
+ jm
Hj
0
+1,j,j , 8 (j0, j) 2 N2\ {(0, 0)}
⌧k
0
,k
1
,k
2
= 0 (k
0
, k
1
, k
2
) /2 N3 1
m
/2 Q0 ⌧
G = 1 + g 2 C Jx,yK
F (x, v) := 1 + g
1,0,0x+
X
j 1
g
0,j,jv
j
H :=
1
F
  1
G
(
H
0,j,j = 0 , 8j 2 N
H
1,0,0 = 0
,
⌧ 2 m ⇢ C Jx,yK
( ⌧GZ)
⇤
(GZ) = FZ.
Z, Z 0 2 dSN
orb,⇤
8
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
:
Z = x2
@
@x
+ ( 1  ⌘ (y
1
y
2
)
m
+ a
1
x) y
1
@
@y
1
+(1 + ⌘ (y
1
y
2
)
m
+ a
2
x) y
2
@
@y
2
,
Z 0 = x2
@
@x
+ ( 1  ⌘0 (y
1
y
2
)
m
+ a0
1
x) y
1
@
@y
1
+(1 + ⌘0 (y
1
y
2
)
m
+ a0
2
x) y
2
@
@y
2
,
a
1
, a
2
, a0
1
, a0
2
2 C a
1
+ a
2
, a0
1
+ a0
2
/2 Q0 ⌘, ⌘0 2 {0, 1} ⌘ = 0
⌘0 m :=
1
a
1
+ a
2
/2 N>0 m0 :=
1
a0
1
+ a0
2
/2 N>0  ,   2 C
f 2 vC JvK]   = ( 
0
, 
1
, 
2
) 2 dDi↵
 
C3, 0
 
 ⇤ (Z) = (  +  x+ f (y1y2))Z 0 .
  = 0
( , a
1
, a
2
, ⌘) =
2
4
(1, a0
1
, a0
2
, ⌘0)
ou
( 1, a0
2
, a0
1
, ⌘)
1 + f   ( 
1
 
2
) (0, v) =
1 + ⌘vm
1 + ⌘ (( 
1
 
2
) (0, v))m
.
D
0
  y
1
y
2
(D
0
 )
 1
D
0
   
0
=  
0
(x, v) 2 m ⇢ C Jx, vK  i = yi i (x, v)
 i 2 C Jx, vK⇥ i 2 {1, 2}
8
>
>
>
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
>
>
>
:
x2
@ 
0
@x
+
⇣
 1  ⌘0vm0 + a0
1
x
⌘
y
1
@ 
0
@y
1
+
⇣
1 + ⌘0vm
0
+ a0
2
x
⌘
y
2
@ 
0
@y
2
= (  +   
0
+ f ( 
1
 
2
)) 2
0
x2
@ 
1
@x
+
⇣
 1  ⌘0vm0 + a0
1
x
⌘
y
1
@ 
1
@y
1
+
⇣
1 + ⌘0vm
0
+ a0
2
x
⌘
y
2
@ 
1
@y
2
= (  +   
0
+ f ( 
1
 
2
)) ( 1  ⌘ ( 
1
 
2
)
m
+ a
1
 
0
) 
1
x2
@ 
2
@x
+
⇣
 1  ⌘0vm0 + a0
1
x
⌘
y
1
@ 
2
@y
1
+
⇣
1 + ⌘0vm
0
+ a0
2
x
⌘
y
2
@ 
2
@y
2
= (  +   
0
+ f ( 
1
 
2
)) (1 + ⌘ ( 
1
 
2
)
m
+ a
2
 
0
) 
2
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>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
:
x2
@ 
0
@x
+
xv
m0
@ 
0
@v
= (  +   
0
+ f (v 
1
 
2
)) 2
0
x2
@ 
1
@x
+
⇣
 1  ⌘0vm0 + a0
1
x
⌘
 
1
+
xv
m0
@ 
1
@v
= (  +   
0
+ f (v 
1
 
2
)) ( 1  ⌘vm ( 
1
 
2
)
m
+ a
1
 
0
) 
1
x2
@ 
2
@x
+
⇣
1 + ⌘0vm
0
+ a0
2
x
⌘
 
2
+
xv
m0
@ 
2
@v
= (  +   
0
+ f (v 
1
 
2
)) (1 + ⌘vm ( 
1
 
2
)
m
+ a
2
 
0
) 
2
.
x = 0  
0
(x, v) = x 
0
(x, v)  
0
2
C Jx, vK⇥
8
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
:
 
0
+ x
@ 
0
@x
+
v
m0
@ 
0
@v
= (  +  x 
0
+ f (v 
1
 
2
)) 2
0
x2
@ 
1
@x
+
⇣
 1  ⌘0vm0 + a0
1
x
⌘
 
1
+
xv
m0
@ 
1
@v
= (  +  x 
0
+ f (v 
1
 
2
)) ( 1  ⌘vm ( 
1
 
2
)
m
+ a
1
x 
0
) 
1
x2
@ 
2
@x
+
⇣
1 + ⌘0vm
0
+ a0
2
x
⌘
 
2
+
xv
m0
@ 
2
@v
= (  +  x 
0
+ f (v 
1
 
2
)) (1 + ⌘vm ( 
1
 
2
)
m
+ a
2
x 
0
) 
2
.
 i =
X
j,k
 i,(j,k)x
jvk i 2 {0, 1, 2}
  = 1  
0,(0,0) = 1
(1, 0)
  = 0
(1, 0)
a0
1
= a
1
a0
2
= a
2
m = m0
x = 0
⌘0vm = f (v 
1
(0, v) 
2
(0, v)) + ⌘ (v 
1
(0, v) 
2
(0, v))m
+⌘ (v 
1
(0, v) 
2
(0, v))m f (v 
1
(0, v) 
2
(0, v)) ,
(
ord (f)   m
⌘0 = (fm + ⌘)
 
 
1,(0,0) 2,(0,0)
 m
.
m = m0 x = 0
k 2 {1, ...m  1}  
0,(0,k) = 0  0,(0,0) = 1
k  m  1
 
0,(0,k)
✓
1 +
k
m
◆
=
k
X
i=0
 
0,(0,i) 0,(0,k i) .
k = m
fm
 
 
1,(0,0) 2,(0,0)
 m
= 0 ,
⌘ = ⌘0
1 + f   ( 
1
 
2
) (0, v) =
1 + ⌘vm
1 + ⌘ (( 
1
 
2
) (0, v))m
.
D
0
 
a
1
a
2
(a0
1
, a0
2
) = (a
2
, a
1
)   =  1
Z,Z 0 2 dSN
orb,⇤
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>
>
>
<
>
>
>
>
>
>
>
>
>
:
Z = x2
@
@x
+ ( 1  ⌘ (y
1
y
2
)
m
+ a
1
x) y
1
@
@y
1
+(1 + ⌘ (y
1
y
2
)
m
+ a
2
x) y
2
@
@y
2
,
Z 0 = x2
@
@x
+ ( 1  ⌘0 (y
1
y
2
)
m
+ a0
1
x) y
1
@
@y
1
+(1 + ⌘0 (y
1
y
2
)
m
+ a0
2
x) y
2
@
@y
2
,
a
1
, a
2
, a0
1
, a0
2
2 C a
1
+a
2
, a0
1
+a0
2
/2 Q0 ⌘, ⌘0 2 {0, 1} ⌘ = 0 ⌘0
m :=
1
a
1
+ a
2
/2 N>0 m0 :=
1
a0
1
+ a0
2
/2 N>0 G 2 C Jx,yK⇥
  2 dDi↵
 
C3, 0
 
 ⇤ (Z) = GZ 0 .
GZ 0 ( ,  , f (v)) 2 C⇤ ⇥ C ⇥ vC JvK  2 dDi↵
 
C3, 0
 
 ⇤ (GZ 0) = (  +  x+ f (y1y2))Z 0 .
(    )⇤ (Z) = (  +  x+ f (y1y2))Z 0 .
({a0
1
, a0
2
} , ⌘0) = ({a
1
, a
2
} , ⌘)


⇡
Y 2  
 
C3, 0
 
Y = x2
@
@x
+ (  y
1
+ F
1
(x, y
1
, y
2
))
@
@y
1
+ ( y
2
+ F
2
(x, y
1
, y
2
))
@
@y
1
,
  2 C⇤ F⌫ (x,y) 2 C {x,y} ⌫ = 1, 2 SN diag
SN
diag,nd
Y 2 SN
diag
Y
res (Y ) := F
1,(1,1,0) + F2,(1,0,1) 2 C\Q0 ,
F⌫ (x,y) =
X
k=(k
0
,k
1
k
2
)
F⌫,kx
k
0yk1
1
yk2
2
⌫ = 1, 2
Y 2 SN
diag,nd
< (res (Y )) > 0 .
SN
diag,0
! :=
y
1
^ y
2
x
.
Y
! dx
LY (dx) 2 hdxi LY (!) 2 hdxi .
S ⇢ C⇤   S⇥
 
C2, 0
 
! dx
 ⇤ (!) 2 ! + hdxi .
Di↵!
 
C3, 0
 
Di↵!
 
C3, 0; Id
 
SNdiag,!
Y 2 SNdiag,! res (Y ) = 1 Y
SNdiag,! ⇢ SN diag,0
C Y 2 SN
diag,0
⌘ 2 ]⇡, 2⇡[
( 
+
,  )
(
 
+
2 Di↵
fib
 
S
arg(i ),⌘; Id
 
   2 Di↵fib
 
S
arg( i ),⌘; Id
 
( ±)⇤ (Y ) = x
2
@
@x
+ (  + a
1
x  c (y
1
y
2
)) y
1
@
@y
1
+ ( + a
2
x+ c (y
1
y
2
)) y
2
@
@y
2
=: Y
norm
,
  2 C⇤ < (a
1
+ a
2
) > 0 c (v) 2 vC {v} v := y
1
y
2
 
+
   arg (i )
arg ( i )  ̂
Y 2 SNdiag,!  +   
  6= 0  
+
  
S
+
2 S
arg(i ),⌘ S  2 Sarg( i ),⌘ ⌘ 2 ]⇡, 2⇡[
 ✓ S 2 S✓,⇡ ✓ 6= arg (± )
Y 2 SN
diag,0  ̂ 2 dDi↵fib
 
C3, 0; Id
 
✓ 6= arg (± )
 
C2, 0
 
Y|{x=0}
Y|{x=0}

x 2 C
y := (y
1
, . . . , yn) 2 Cn n 2 N
yk := yk1
1
. . . yknn k = (k1, . . . , kn) 2 Nn |k| = k1 + · · ·+ kn
x
y
D (0, r) := {y = (y
1
, . . . , yn) 2 Cn | |y1| < r1, . . . |yn| < rn} ,
r = (r
1
, . . . , rn) 2 (R>0)n
U ⇢ Cn+1 = {(x,y) 2 C⇥ Cn} ,
O (U) U C
m x := (x
1
, . . . , xm)
C {x} C {x}⇥ C {x}
n = 0
n 2 N
n = 0
y
↵   r
r 2 R>0 ↵,  2 R ↵ <   S (r,↵, )
S (r,↵, ) = {x 2 C | 0 < |x| < r ↵ < arg (x) <  } .
✓ 2 R ⌘ 2 R 0 n 2 N
x 
Cn+1 ✓ ⌘ S ⇢ Cn+1
r > 0 r 2 (R>0)n ✏ > 0
S   S
⇣
r, ✓   ⌘
2
  ✏, ✓ + ⌘
2
+ ✏
⌘
⇥D (0, r) .
(S✓,⌘,) Cn+1
S
1
 S
2
() S
1
  S
2
.
✓ ⌘
O (S✓,⌘) := lim !O (S)
{O (S) : S 2 S✓,⌘}
✓ ⌘
C ✓
⌘
S 2 S✓,⌘ Di↵fib (S; Id)
  : S !   (S)
(x,y) 7! (x, 
1
(x,y) , 
2
(x,y)) ,
  (x,y)  Id (x,y) = O
⇣
kx,yk2
⌘
, (x,y) ! (0,0) S.
✓
⌘
Di↵
fib
(S✓,⌘; Id) := lim !Di↵fib (S; Id)
{Di↵
fib
(S; Id) : S 2 S✓,⌘} Di↵fib (S✓,⌘; Id)
 , 2 Di↵
fib
(S✓,⌘; Id)
 
0
2 Di↵
fib
(S, Id)  
0
2 Di↵
fib
(T , Id) S, T 2 S✓,⌘
T ⇢  
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(S)       
0
   
0
✓ ⌘
S ⇢ C
S 2
\
0⌘0<⌘
S✓,⌘0 .
AS✓,⌘
  (S) 2 S✓,⌘
C3
S (r,↵, ) ⇥ D (0,R)
(< (x) ,= (x) , kyk)
✓ ⇡
✓ 2⇡
f̂ (x,y) =
X
k 0
fk (y)x
k =
X
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0
,j)2Nn+1
fj
0
,jx
j
0yj 2 C Jx,yK ,
C Jx,yK = C JxK JyK = C JyK JxK
k·k Cn+1
f S (r,↵, )⇥D (0, r) f̂
S0 ⇢ S (r,↵, ) K ⇢ D (0, r) N 2 N
CS0,K,N > 0
 
 
 
 
 
 
f (x,y) 
X
0j
0
+···+jnN
fj
0
,jx
j
0yj
 
 
 
 
 
 
 CS0,K,N k(x,y)kN+1
(x,y) 2 S0 ⇥K
f S (r,↵, )⇥D (0, r) f̂
x
S0 ⇢ S (r,↵, ) K ⇢ D (0, r) N 2 N
AS0,K,N > 0
 
 
 
 
 
 
f (x,y) 
N
X
k 0
fk (y)x
k
 
 
 
 
 
 
 AS0,K,N |x|N+1
(x,y) 2 S0 ⇥K
f S (r,↵, )⇥D (0, r) f̂
S0 ⇢ S (r,↵, ) K ⇢ D (0, r) AS0,K , CS0,K > 0
 
 
 
 
 
f (x,y) 
N 1
X
k=0
fk (y)x
k
 
 
 
 
 
 AS0,KCNS0,K (N !) |x|
N
N 2 N (x,y) 2 S0 ⇥K
f̂
S (r,↵, )⇥D (0, r) f̂
x
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kĝkbis ,✓, ,⇢,r .
g A1✓,    > 0,M > 0
8 (t,y) 2 A1✓,  ⇥D (0, r) , |g (t,y)|  M exp (  |t|) .
g ✓
L✓ (g) (x,y) :=
ˆ
ei✓R>0
g (t,y) exp
✓
  t
x
◆
t
x
,
x 2 C <
⇣
ei✓
x
⌘
>  
(x,y) <
⇣
ei✓
x
⌘
>   y 2 D (0, r)
eL✓ (g) (x,y) :=
ˆ
ei✓R>0
g (t,y) exp
✓
  t
x
◆
dt .
f̂ ✓ 2 R
f✓ 2 O (S✓,⇡) f̂
S 2 S✓,⇡ f✓
 
O (S✓,⇡)
 
f✓ = L✓
⇣
B
⇣
f̂
⌘⌘
.
f✓ f̂ ✓
f̂ (x,y) =
X
k
fk (y)x
k
f✓ = eL✓
⇣
eB
⌘⇣
f̂
⌘
+ f̂ (0,y) .
⌃✓ ⇢ C Jx,yK
✓
⌃✓  ! O (S✓,⇡)
f̂ 7 ! f✓
f̂ 2 C Jx,yK
✓ 2 R/2⇡Z
✓
1
, . . . , ✓k 2 R/2⇡Z f̂
✓
1
, . . . , ✓k
m  (f
1
, . . . , fm) 2 C Jx,yKm
✓ fj , j =
1, . . . ,m
✓
S
+
2 S✓,⇡ S  2 S✓ ⇡,⇡ (f+, f ) 2 O (S+)⇥O (S )
K ⇢ Cn S ⇢ C S⇥K ⇢ S
+
\S 
A,B > 0
|f
+
(x,y)  f  (x,y)|  A exp
✓
  B|x|
◆
(x,y) 2 S ⇥K f̂ (x,y) 2 C Jx,yK
f
+
f  f̂ S+ S 
f̂
✓ ✓   ⇡ f
+
f 
 ̂ (x,y) 2 C Jx,yK ✓
✓ ⇡  
+
(x,y)    (x,y)
f̂
1
(x, z) , . . . , f̂n (x, z) ✓
✓   ⇡ f
1,+, . . . , fn,+ f1, , . . . , fn, 
f̂j (0,0) = 0 j = 1, . . . , n .
 ̂ (x, z) :=  ̂
⇣
x, f̂
1
(x, z) , . . . , f̂n (x, z)
⌘
✓ ✓ ⇡
 ± (x, z) =  ± (x, f1,± (x, z) , . . . , fn,± (x, z)) .
f̂j (0,0) = 0 j = 1, . . . , n
 ̂ (x, z) :=  ̂
⇣
x, f̂
1
(x, z) , . . . , f̂n (x, z)
⌘
S
+
,S 0
+
2 S✓,⇡ S ,S 0  2 S✓ ⇡,⇡
f
1,+, . . . fn,+ f1, , . . . , fn,  f̂1, . . . , f̂n
S
+
S 
S±
(x, z) 7! (x, f
1,± (x, z) , . . . , fn,± (x, z))
S 0±
 
+
    ̂
S 0
+
S 0 
 ± (x, z) :=  ± (x, f1,± (x, z) , . . . , fn,± (x, z))
S±  ± (x, z)  ̂ (x, z)
(x, z) ! (0,0) S±
| 
+
   | S+ \ S  S ⇥K
S ⇢ C K ⇢ Cn
S ⇢ C K ⇢ Cn S ⇥K ⇢ S
+
\ S 
fj,+ fj,  f̂ A,B > 0
j = 1, . . . , n (x, z) 2 S ⇥K
|fj,+ (x, z)  fj,  (x, z)|  A exp
✓
  B|x|
◆
.
S ⇥K
(x, z) 7! (x, f
1,± (x, z) , . . . , fn,± (x, z))
S⇥K0 ⇢ S 0
+
\S 0  K0 ⇢ Cn
 
+
    ̂ A0, B0 > 0
(x,y) 2 S ⇥K0
| 
+
(x,y)     (x,y)|  A0 exp
✓
 B
0
|x|
◆
,
C > 0 (x,y,y0) ((x,y) , (x,y0)) 2 S ⇥K0
| 
+
(x,y)   
+
(x,y0)|  C. max
j=1,...,n
 
 
 yj   y0j
 
 
 
.
(x, z) 2 S ⇥K
| 
+
(x, z)    (x, z)|
= | 
+
(x, f
1,+ (x, z) , . . . , fn,+ (x, z))     (x, f1,  (x, z) , . . . , fn,  (x, z))|
 | 
+
(x, f
1,+ (x, z) , . . . , fn,+ (x, z))   + (x, f1,  (x, z) , . . . , fn,  (x, z))|
+ | 
+
(x, f
1,  (x, z) , . . . , fn,  (x, z))     (x, f1,  (x, z) , . . . , fn,  (x, z))|
 C. max
j=1,...,n
(|fj,+ (x, z)  fj,  (x, z)|) +A0 exp
✓
 B
0
|x|
◆
 C.A exp
✓
  B|x|
◆
+A0 exp
✓
 B
0
|x|
◆
 A”. exp
✓
 B”|x|
◆
A”, B” > 0
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kâkbis ,R 
 
 dk   C |↵k|
 
 
 
b̂
 
 
 
bis
 
.
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2
(x,0) = 0
arg (± )
(y
1
, y
2
) = (0, 0)
arg (± ) ŷ
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1
Ŷ
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Ĝ
1
Ĝ
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⇣
x, P̂ (x)y
⌘
,
arg (± )
â
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2
(x)
(q̂
1
, q̂
2
) 2 (C JxK)2 q̂
1
(0) = q̂
2
(0) = 1
arg (± )
 ̂
3
(x, y
1
, y
2
) = (x, q̂
1
(x) y
1
, q̂
2
(x) y
2
) ,
arg (± ) Ŷ
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2
(x,y) ,
Ŝ
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2
✓ 6= arg (± ) 2 R/2⇡Z F̂
1
(0,y) , F̂
2
(0,y) 2 C {y}
C2
|n| = n
1
+ n
2
  2  ̂
1
 ̂
2
x ⇣
1
, ⇣
2
⇣j,n (x) x n1 = 0 n2 = 0
O
 
xN
 
, 8N   1
arg (± )
Ŷ
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a
2
+R(1)
+
(x,y)
1 + bx+ C
+
(x,y)
!!
<   |x| (!0    0) ;
x 2 ⇥  (r, µ)
⇣
⇥
+
(r, µ)
⌘
=
✓
ix
1 + bx+ C
+
(x)
◆
<   |x| (µ   )
 
=
✓
ix
1 + bx+ C
+
(x)
◆
> |x| (µ   )
!
.
t   0
  (1 +  ) |x (t)|2 < d|x(t)|
dt < (1 +  ) |x (t)|
2
x (t) 2 S
+
(r, ✏)⇥D (0, r)
|x (t)| > |x0|
1 + (1 +  ) |x
0
| t ;
t   0 x (t) 2 ⌃
+
(1, r,!)
d |x (t)|
dt
<   (!    ) |x (t)|2
(
d|y
1
(t)|
dt <   (!0    0) |y1 (t)| |x (t)|
d|y
2
(t)|
dt <   (!0    0) |y2 (t)| |x (t)|
t 7! |x (t)| , |y
1
(t)| |y
2
(t)| t   0
x (t) 2 ⌃
+
(1, r,!)
t   0 x (t) 2 ⇥  (r, µ)
⇣
⇥
+
(r, µ)
⌘
d✓
dt
(t) <   (µ   ) |x (t)| <   (µ   ) |x0|
1 + (1 +  ) |x
0
| t
 
d✓
dt
(t) > (µ   ) |x (t)| > (µ   ) |x0|
1 + (1 +  ) |x
0
| t
!
t 7! ✓ (t) x (t) 2
⇥  (r, µ)
⇣
⇥
+
(r, µ)
⌘
✓
0
= ✓ (0) x
0
= x (0) 2 ⇥  (t, µ) \⌃+ (1, r,!)
⇣
⇥
+
(r, µ) \⌃
+
(1, r,!)
⌘
x (t) 2 ⇥  (r, µ)
⇣
⇥
+
(r, µ)
⌘
✓ (t) < ✓
0
 
✓
µ   
1 +  
◆
ln (1 + (1 +  ) |x
0
| t)
 
✓ (t) > ✓
0
+
✓
µ   
1 +  
◆
ln (1 + (1 +  ) |x
0
| t)
!
.
x (t) 2 ⌃
+
(1, r,!)
t   t
0
:=
⇣
exp
⇣
1+ 
µ  
 
✓
0
  ⇡
2
  arccos (!)
 
⌘
  1
⌘
(1 +  ) |x
0
|
 
t
0
:=
⇣
exp
⇣
1+ 
µ  
 
⇡
2
  arccos (!)  ✓
0
 
⌘
  1
⌘
(1 +  ) |x
0
|
!
.
t   t
0
t
0
x (t) 2 ⇥
+
(r, µ)
✓ (t) > ✓
0
+
✓
µ   
1 +  
◆
ln (1 + (1 +  ) |x
0
| t)
> ✓
0
+
✓
µ   
1 +  
◆
ln
✓
exp
✓
1 +  
µ   
⇣
✓
0
  ⇡
2
  arccos (!)
⌘
◆◆
= ✓
0
+
⇡
2
  arccos (!)  ✓
0
=
⇡
2
  arccos (!)
  arccos (!) < arg (x (t))  ⇡
2
< 0 .
x (t) 2 ⌃
+
(1, r,!)
t
0

exp
⇣⇣
1+ 
µ  
⌘
(✏+ arcsin (!))
⌘
(1 +  ) |x
0
| .
⌃
+
(1, r,!)⇥D (0, r) t   0
t 7! |x (t)| , |y
1
(t)| |y
2
(t)|
t x (t) ⌃
+
(1, r,!)\⇥  (r, µ)
⇣
⌃
+
(1, r,!)\⇥
+
(r, µ)
⌘
⌃
+
(1, r,!) t 7! ✓ (t)
x (t) ⌃
+
(1, r,!)
x (t) ⇥  (r, µ)
⇣
⇥
+
(r, µ)
⌘
( ✓) resp ✓ x (✓)
x (t)
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:
d |x|
d ( ✓) =   |x|
<
⇣
ix
1+bx+C
+
(x)
⌘
=
⇣
ix
1+bx+C
+
(x)
⌘  |x| . 1 +  
µ   
 
d |x|
d✓
= |x|
<
⇣
ix
1+bx+C
+
(x)
⌘
=
⇣
ix
1+bx+C
+
(x)
⌘  |x| . 1 +  
µ   
!
d |y
1
|
d ( ✓) =   |y1|
<
✓
ix
✓
a
2
+R
(1)
+
(x,y)
1+bx+C
+
(x,y)
◆◆
=
⇣
ix
1+bx+C
+
(x)
⌘  |y
1
| .
 
 
a
2
 
 +  0
µ   
 
d |y
1
|
d✓
= |y
1
|
<
✓
ix
✓
a
2
+R
(1)
+
(x,y)
1+bx+C
+
(x,y)
◆◆
=
⇣
ix
1+bx+C
+
(x)
⌘  |y
1
| .
 
 
a
2
 
 +  0
µ   
!
d |y
2
|
d ( ✓) =   |y2|
<
✓
ix
✓
a
2
+R
(1)
+
(x,y)
1+bx+C
+
(x,y)
◆◆
=
⇣
ix
1+bx+C
+
(x)
⌘  |y
2
| .
 
 
a
2
 
 +  0
µ   
 
d |y
2
|
d✓
= |y
2
|
<
✓
ix
✓
a
2
+R
(1)
+
(x,y)
1+bx+C
+
(x,y)
◆◆
=
⇣
ix
1+bx+C
+
(x)
⌘  |y
2
| .
 
 
a
2
 
 +  0
µ   
!
.
✓
0
:= ✓ (0) x
0
:= x (0) 2 ⇥  (r, µ)
⇣
⇥
+
(r, µ)
⌘
t  t
0
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:
|x (t)|  |x
0
| exp
✓
1 +  
µ    (✓0   ✓ (t))
◆
 
|x (t)|  |x
0
| exp
✓
1 +  
µ    (✓ (t)  ✓0)
◆
!
|y
1
(t)|  |y
1,0| exp
 
 
 
a
2
 
 +  0
µ    (✓0   ✓ (t))
!
 
|y
1
(t)|  |y
1,0| exp
 
 
 
a
2
 
 +  0
µ    (✓ (t)  ✓0)
!!
|y
2
(t)|  |y
2,0| exp
 
 
 
a
2
 
 +  0
µ    (✓0   ✓ (t))
!
 
|y
1
(t)|  |y
1,0| exp
 
 
 
a
2
 
 +  0
µ    (✓ (t)  ✓0)
!!
.
⌦
+
x = (x, y
1
, y
2
) 2 S
+
(r, ✏)⇥D (0, r)
= (x)   ! |x|
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:
|x|  r exp
✓
1 +  
µ    (arg (x)  arcsin (!))
◆
|y
1
|  r
1
exp
 
 
 
a
2
 
 +  0
µ    (arg (x)  arcsin (!))
!
|y
2
|  r
2
exp
 
 
 
a
2
 
 +  0
µ    (arg (x)  arcsin (!))
!
= (x)   ! |x|
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:
|x|  r exp
✓
1 +  
µ    (⇡   arcsin (!)  arg (x))
◆
|y
1
|  r
1
exp
 
 
 
a
2
 
 +  0
µ    (⇡   arcsin (!)  arg (x))
!
|y
2
|  r
2
exp
 
 
 
a
2
 
 +  0
µ    (⇡   arcsin (!)  arg (x))
!
⌦
+
t   0
⌦
+
t   0 ⌦
+
t
0
  0 ⌃
+
(1, r,!)
S
+
(r0, ✏)⇥D (0, r0) ⇢ ⌦
+
⇢ S
+
(r, ✏)⇥D (0, r) ,
8
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
:
r0 = r exp
✓
 
✓
1 +  
µ   
◆
(✏+ arcsin (!))
◆
< r
r0
1
= r
1
exp
 
 
 
 
 
a
2
 
 +  0
µ   
!
(✏+ arcsin (!))
!
< r
1
r0
2
= r
2
exp
 
 
 
 
 
a
2
 
 +  0
µ   
!
(✏+ arcsin (!))
!
< r
2
.
x
0
= (x
0
,y
0
) 2 ⌃
+
(1, r,!) ⇥D (0, r)
t   0
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:
|x (t)|  |x0|
1+(!  )|x
0
|t
|y
1
(t)|  |y1,0|
(1+(1+ )|x
0
|t)
!0  0
1+ 
|y
1
(t)|  |y2,0|
(1+(1+ )|x
0
|t)
!0  0
1+ 
,
0 t ! +1
⌦  ± =  
⌧ := xx2 ⌧ · (Z±) = 1
⌧ Z± A± (x,y)
S± (r, ✏) ⇥
 
C2, 0
 
kyk1 M 2 N>0
x
0
2 ⌦±
↵± (x0) :=  
ˆ
 ±,x
0
xM+1A± (x) ⌧
 ±,x
0
x
0
7! ↵± (x0) ⌦±
LZ± (↵±) = xM+1A± (x)
↵± (x,y) = xM ↵̃± (x,y) ↵̃± ⌦± kyk1
↵± (x0) =  
ˆ
+1
0
x (t)M+1 A± (x (t))
x (t)2
ix (t)2
1 + bx (t) + C
+
(x (t))
t
=  i
ˆ
+1
0
x (t)M+1 A± (x (t))
1 + bx (t) + C
+
(x (t))
t .
x (t) 2 ⌦± t   0 A± (x,y) kyk1
 
 
 
 
 
x (t)M+1 A± (x (t))
1 + bx (t) + C
+
(x (t))
 
 
 
 
 
 C |x (t)|M+1 ky (t)k1 ,
C > 0 x
0
t t   0
 
 
 
 
 
x (t)M+1 A± (x (t))
1 + bx (t) + C
+
(x (t))
 
 
 
 
 
 C ky
0
k
✓
|x
0
|
1 + (!    ) |x
0
| t
◆M+1
1
(1 + (1 +  ) |x
0
| t)
!0  0
1+ 
= O
t!+1
✓
1
tM+1
◆
↵± ⌦± ↵±
K ⇢ ⌦± K L > 0
x 2 K
 
 
 
 
A± (x)
1 + bx+ C
+
(x)
 
 
 
 
 L.
K ⌦± ⇢ S± (r, ✏)⇥
 
C2, 0
 
S± (r, ✏)
0 /2 S± (r, ✏)   > 0 x = (x, y1, y2) 2 K   < |x| < r
B > 0 x
0
2 K
t   0
|x (t)|  B |x0|
1 + (!    ) |x
0
| t .
 
 
 
 
 
x (t)M+1 A± (x (t))
1 + bx (t) + C
+
(x (t))
 
 
 
 
 
 LBM+1 |x0|
M+1
(1 + (!    ) |x
0
| t)M+1
 LB
M+1rM+1
(1 + (!    )  t)M+1
,
↵±
K ⇢ ⌦± ⌦±
F (x) := ±ix
M+1A±(x)
1+bx+C
+
(x)
↵± (x0) =  
ˆ
+1
0
F
⇣
 tX± (x0)
⌘
t .
x
0
2 ⌦± t 7! x (t) =  tX± (x0)
@
@t
⇣
 tX± (x0)
⌘
=
±i
1 + bx
⇣
 tX± (x0)
⌘
+ C
+
⇣
 tX± (x0)
⌘Z±
 
 t± (x)
 
.
 
LZ±↵±
 
(x
0
) =  
ˆ
+1
0
LZ± (F    s) (x0) s
=  
ˆ
+1
0
F
⇣
 sX± (x0)
⌘
.  sX± (x0) .Z± (x0) s
=  
ˆ
+1
0
F
⇣
 sX± (x)
⌘
.
@
@t
⇣
 s+tX± (x0)
⌘
|t=0
✓
±1 + bx0 + C± (x0)
i
◆
s
=  
✓
±1 + bx0 + C± (x0)
i
◆
.
ˆ
+1
0
F
⇣
 sX± (x0)
⌘
.
@
@t
⇣
 tX± (x0)
⌘
|t=s
s
=  
✓
±1 + bx0 + C± (x0)
i
◆
.
ˆ
+1
0
@
@s
⇣
F    sX± (x0)
⌘
ds
=  
✓
±1 + bx0 + C± (x0)
i
◆
.
h
F    sX± (x0)
is=+1
s=0
=  
✓
±1 + bx0 + C± (x0)
i
◆
. ( F (x
0
))
= xM+1
0
A± (x0) .
(x,y) 7! ↵̃± (x,y) := ↵±(x,y)xM kyk1
⌦± ↵̃± ⌦± ↵±
0 /2 ⌦± C > 0
x
0
:= (x
0
,y
0
) 2 ⌦± t   0
 
 
 
 
 
 
 
x
⇣
 tX± (x0)
⌘M+1
A±
⇣
 tX± (x0)
⌘
⇣
1 + bx
⇣
 tX± (x0)
⌘
+ C
+
⇣
 tX± (x0)
⌘⌘
 
 
 
 
 
 
 
 C
 
 
 
x
⇣
 tX± (x0)
⌘
 
 
 
M+1  
 
 
y
⇣
 tX± (x0)
⌘
 
 
 
1
.
x
0
2 ⇥± (r, µ) ⌃± (1, r,!)
t  t
0
8
>
<
>
:
 
 
 
x
⇣
 tX± (x0)
⌘
 
 
 
 D |x
0
| , D := exp
⇣
1+ 
µ   (arccos (µ) + ✏)
⌘
 
 
 
y
⇣
 tX± (x0)
⌘
 
 
 
1
 D0 ky
0
k1 , D0 := exp
✓
| a
2
|+ 0
µ   (arccos (µ) + ✏)
◆
.
t   t
0
8
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<
>
:
 
 
 
x
⇣
 tX± (x0)
⌘
 
 
 

   x
⇣
 
t
0
X±
(x
0
)
⌘   
1+(!  )
   x
⇣
 
t
X±
(x
0
)
⌘   (t t
0
)
 
 
 
y
⇣
 tX± (x0)
⌘
 
 
 
1
 ky
0
k1 .
|↵̃± (x0,y0)| 
|↵± (x0,y0)|
|x
0
|M
 CD
M+1D0 ky
0
k1 |x0|
M+1 |t
0
|
|x
0
|M
+
C ky
0
k1
|x
0
|M
ˆ
+1
t
0
t
⇣
1 + (!    )
 
 
 
x
⇣
 tX± (x0)
⌘
 
 
 
(t  t
0
)
⌘
 CDM+1D0 ky
0
k1 |x0| |t0|+
C ky
0
k1
 
 
 
x
⇣
 t0X± (x0)
⌘
 
 
 
M+1
M (!    ) |x
0
|M
 
 
 
x
⇣
 t0X± (x0)
⌘
 
 
 
;
|↵̃± (x0,y0)| 
✓
D2D0
(1 +  )
+
1
M (!    )
◆
CDM ky
0
k1 .

Y 2 SN
diag,0
D
0
Y = diag (0,  , )   6= 0 Y
norm
'
+
, '̃
+
' , '̃ 
arg (i ) arg ( i ) ⇡
(
'
+
, '̃
+
2 Di↵
fib
 
S
arg(i ),⇡; Id
 
' , '̃  2 Di↵fib
 
S
arg( i ),⇡; Id
 
.
'±, '̃± Y Ynorm
('±)⇤ (Y ) = ('̃±)⇤ (Y ) = Ynorm .
('
+
,' ) = ('̃+, '̃ )
Y 2 SN
diag,0  ̂
arg (± )  
+
    ̂ arg (i ) arg ( i )
Y
norm
2 SN
diag,0
Y
norm
S± 2 S
arg(±i ),⌘
arg (±i ) ⌘ 2 ]⇡, 2⇡[
 ✓,⌘
✓ 2 R ⌘   0 Y
norm
✓ 2 R ⌘   0 ( ✓,⌘)⇤ (Ynorm) = Ynorm
S 2 S✓,⌘ Isotfib (Y ;S✓,⌘; Id) ⇢ Di↵fib (S✓,⌘; Id)
⌘ 2 ]⇡, 2⇡[
Isot
fib
 
Y
norm
;S
arg(±i ),⌘; Id
 
= {Id} .
  : (x,y) 7! (x, 
1
(x,y) , 
2
(x,y)) 2 Isot
fib
 
Y
norm
;S
arg(±i ),⌘; Id
 
Y
norm
S± 2 S
arg(±i ),⌘ ⌘ 2 ]⇡, 2⇡[
S± S± ⇥D (0, r) S±
D (0, r)  
 ⇤ (Ynorm) = Ynorm ,
D  · Y
norm
= Y
norm
    ,
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x2
@ 
1
@x
+ ( 1  c (y
1
y
2
) + a
1
x) y
1
@ 
1
@y
1
+ (1 + c (y
1
y
2
) + a
2
x) y
2
@ 
1
@y
2
=  
1
( 1  c ( 
1
 
2
) + a
1
x)
x2
@ 
2
@x
+ ( 1  c (y
1
y
2
) + a
1
x) y
1
@ 
2
@y
1
+ (1 + c (y
1
y
2
) + a
2
x) y
2
@ 
2
@y
2
=  
2
(1 + c ( 
1
 
2
) + a
2
x) .
 :=  
1
 
2
x2
@ 
@x
+ ( 1  c (y
1
y
2
) + a
1
x) y
1
@ 
@y
1
+ (1 + c (y
1
y
2
) + a
2
x) y
2
@ 
@y
2
= (a
1
+ a
2
)x .
 (x,y) =
X
j
1
+j
2
 2
 j
1
,j
2
(x) yj1
1
yj2
2
,
 j
1
,j
2
(x) S± j1, j2   0
X
j
1
+j
2
 1
 
sup
x2S±
(| j
1
,j
2
(x)|)
!
yj1
1
yj2
2
D (0, r)
j
1
, j
2
  0
x2
d j
1
;j
2
dx
(x) + (j
2
  j
1
+ (a
1
(j
1
  1) + a
2
(j
2
  1))x) j
1
,j
2
(x)
= (j
1
  j
2
)
min(j
1
,j
2
)
X
l=1
 j
1
 l,j
2
 l (x) cl .
j
1
= j
2
= j   1
 j,j (x) = bj,jx
 (j 1)(a
1
+a
2
), bj,j 2 C.
< (a
1
+ a
2
) > 0 x 7!  j,j (x)
bj,j = 0 j = 1 j1 > j2  j
1
,j
2
(x) = 0
 j
1
,j
2
(x) = bj
1
,j
2
exp
✓
j
2
  j
1
x
◆
x (a1(j1 1)+a2(j2 1)) ,
S± bj
1
,j
2
= 0
j
1
< j
2
 j
1
,j
2
(x) = 0  (x,y) = b
1,1y1y2 = y1y2  
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:
x2
@ 
1
@x
+ ( 1  c (y
1
y
2
) + a
1
x) y
1
@ 
1
@y
1
+ (1 + c (y
1
y
2
) + a
2
x) y
2
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1
@y
2
=  
1
( 1  c (y
1
y
2
) + a
1
x)
x2
@ 
2
@x
+ ( 1  c (y
1
y
2
) + a
1
x) y
1
@ 
2
@y
1
+ (1 + c (y
1
y
2
) + a
2
x) y
2
@ 
2
@y
2
=  
2
(1 + c (y
1
y
2
) + a
2
x) .
i = 1, 2
 i (x,y) =
X
j
1
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2
 1
 i,j
1
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2
(x) yj1
1
yj2
2
 i,j
1
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2
(x) S± j1, j2   0
X
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Y  :=
 
  1 
 
⇤ (Ynorm) .
 ̂  
+
   Y+ Y 
⇣
 ̂
⌘
⇤
(Y
norm
)
 
+
  (  ) 1      ( +) 1 Ynorm Y+ = Y 
(S
+
\ S )⇥
 
C2, 0
 
= (S  [ S  )⇥
 
C2, 0
 
.
Y Y
+
S
+
⇥
 
C2, 0
 
Y  S  ⇥
 
C2, 0
 
 
C3, 0
 
Y 2 Di↵
fib
 
C3, 0; Id
 
⇤ (Ynorm) (  ,   )
Y
norm
2 SNdiag,!
[Y
norm
]!,Id
.
Di↵!
 
C3, 0; Id
   ! ⇤!  (Ynorm)⇥ ⇤!   (Ynorm)
Y 7 ! (  ,   )
(
   2 ⇤!  (Ynorm)
    2 ⇤!   (Ynorm) .
⇤!±  (Ynorm) ⇢ ⇤  (Ynorm)
( 
+
,  ) 2 Di↵fib
 
S
arg(i ),⌘; Id
 
⇥Di↵
fib
 
S
arg( i ),⌘; Id
 
⌘ 2 ]⇡, 2⇡[ S
+
⇥
 
C2, 0
 
S  ⇥
 
C2, 0
 
S± 2 AS
arg(±i ),2⇡
(
 
+
  (  ) 1|S ⇥(C2,0) =   
     ( +) 1|S  ⇥(C2,0) =    
S
+
S   ̂ 2 dDi↵fib
 
C3, 0; Id
 
 
+
   S+⇥
 
C2, 0
 
S ⇥
 
C2, 0
 
 2 Di↵
fib
 
C3, 0, Id
 
 
+
:=  
+
      :=       
(
 
+
  (  ) 1|S ⇥(C2,0) =   
     ( +) 1|S  ⇥(C2,0) =     ,
 
+
  

Y
norm
= x2
@
@x
+ (  + a
1
x  c (v)) y
1
@
@y
1
+ ( + a
2
x+ c (v)) y
2
@
@y
2
,
  2 C⇤ < (a
1
+ a
2
) > 0 c (v) 2 vC {v} a := res (Y
norm
) = a
1
+ a
2
m :=
1
a
c (v) =
+1
X
k=1
ckv
k .
m /2 N>0 cm := 0
c̃ (v) = m
X
k 6=m
ck
k  mv
k ,
c̃ (v) 2 vC {v}
S  ⇥
 
C2, 0
   
resp. S   ⇥
 
C2, 0
  
S±  2 S
arg(± ),✏ ✏ 2 ]0,⇡[ Ynorm
S±  ⇥
 
C2, 0
 
Y
norm
Id 
8
>
>
>
>
>
<
>
>
>
>
>
:
w :=
y
1
y
2
xa
h
1,± (x,y) := y1 exp
✓
  
x
+
cm (y1y2)
m
log (x)
x
+
c̃ (y
1
y
2
)
x
◆
x a1
h
2,± (x,y) := y2 exp
✓
 
x
  cm (y1y2)
m
log (x)
x
  c̃ (y1y2)
x
◆
x a2
S± 
hj hj,±
h
1
h
2
= w .
Y
norm
{x = 0}
8
>
>
<
>
>
:
y
1
(x) = h
1
exp
✓
 
x
  cm (h1h2)m log (x) 
c̃ (h
1
h
2
xa)
x
◆
xa1
y
2
(x) = h
2
exp
✓
  
x
+ cm (h1h2)
m
log (x) +
c̃ (h
1
h
2
xa)
x
◆
xa2
(h
1
, h
2
) 2 C2 .
H± : S±  ⇥
 
C2, 0
 
! S±  ⇥ C2
(x,y) 7! (x, h
1,± (x,y) , h2,± (x,y)) ,
h
1,±, h2,±
S±  ⇥
 
C2, 0
 
C2
 ±  ⇢ C2
H±
 
S±  ⇥
 
C2, 0
  
= S±  ⇥  ±  .
H±
S±  ⇥
 
C2, 0
  H± ! S±  ⇥  ± 
Y
norm
x2 @@x
(H±)⇤ (Ynorm) = x2
@
@x
.
 ±  Ynorm S±  ⇥
 
C2, 0
 
 ± 
 
C2, 0
 
S±  2 S
arg(± ),✏
S±  2 S
arg(± ),✏ H±
 ±   ± 2 ⇤(faible)±  (Ynorm)  0± 
C2
H±    ±
 
S±  ⇥
 
C2, 0
  
= S±  ⇥  0±  .
Id 
 ± := H±    ±  H 1± : S±  ⇥  ±   ! S±  ⇥  0± 
S±  ⇥  ±  S±  ⇥  0± 
 ± (x, h1, h2) = (x, 1,± (h1, h2) , 2,± (h1, h2)) .
 
1,±  2,± (h1, h2) 2  ±   ±
 ±
 ± :  ±  !̃  0± 
(h
1
, h
2
) 7! ( 
1,± (h1, h2) , 2,± (h1, h2)) .
 
1,±  2,± (h1, h2) 2  ± 
 ± x2 @@x  ± Ynorm H±
Y
norm
x2 @@x
( ±)⇤
✓
x2
@
@x
◆
= x2
@
@x
.
@ 
1,±
@x
=
@ 
2,±
@x
= 0 .
 ±  (h1, h2) w h1
h
2
w (h
1
, h
2
) := h
1
h
2
.
8
>
>
<
>
>
:
f
1
(x,w) := exp
✓
 
x
  cmwm log (x) 
c̃ (wxa)
x
◆
xa1
f
2
(x,w) := exp
✓
  
x
+ cmw
m log (x) +
c̃ (wxa)
x
◆
xa2 ,
{x = 0}
(
y
1
(x) = h
1
f
1
(x, h
1
h
2
)
y
2
(x) = h
2
f
2
(x, h
1
h
2
)
, (h
1
, h
2
) 2 C2 .
f
1
(x,w) f
2
(x,w) = xa .
w 2 C
8
>
>
<
>
>
:
lim
x!0
x2S 
|f
1
(x,w)| = lim
x!0
x2S  
|f
2
(x,w)| = +1
lim
x!0
x2S  
|f
1
(x,w)| = lim
x!0
x2S 
|f
2
(x,w)| = 0 .
Id 
|h
1
| |h
2
|
c = 0
 
C2, 0
 
= D (0, r) r = (r
1
, r
2
)
r
1
, r
2
> 0
 ± (S±  ⇥D (0, r)) ⇢ S±  ⇥D (0, r0)
r0 = (r0
1
, r0
2
) 2 (R>0)2
S±  D (0, r̃) r̃ := (r̃1, r̃2)
x 2 S±  r̃ := (r̃1, r̃2) 2 (R>0)2
 ±  (x, r̃) :=
⇢
(h
1
, h
2
) 2 C2 |hj | 
r̃j
|fj (x, h1h2)|
, j 2 {1, 2}
 
.
 ±  (r̃) :=
[
x2S± 
 ±  (x, r̃)
=
⇢
(h
1
, h
2
) 2 C2 x 2 S±  | |hj | 
r̃j
|fj (x, h1h2)|
, j 2 {1, 2}
 
 
C2, 0
 
= D (0, r)
 ±  =  ±  (r) ,
 0±  ⇢  ±  (r0) .
Id 
 ±
{x = x
0
}⇥  ±  (x0, r)
 ±
{x = x
0
}⇥  ±  (x0, r0) .
(h
1
, h
2
) 2  ±  (x, r)
|h
1
h
2
| < r1r2|xa| .
(h
1
, h
2
)  ±  w = h1h2 C
 ± :  ±  !̃  0± 
(h
1
, h
2
) 7! ( 
1,± (h1, h2) , 2,± (h1, h2)) .
 w,± :=  1,± 2,± n 2 N
C  w,+,n  w, ,n
8
>
>
<
>
>
:
 w,+ (h1, h2) =
X
n 0
 w,+,n (h1h2)h
n
1
 w,  (h1, h2) =
X
n 0
 w, ,n (h1h2)hn
2
.
 ±   ±  (r̃) r̃ := (r̃1r̃2)
0 < r̃j < rj , j 2 {1, 2}
r̃
1
, r̃
2
,   > 0
0 < r̃j +   < rj , j 2 {1, 2} ,
x 2 S±  w 2 C
|wxa|  r̃
1
r̃
2
=)
8
<
:
| w,+,n (w)|  r
0
1
r0
2
|xa|
 
 
 
f
1
(x,w)
r̃
1
+ 
 
 
 
n
| w, ,n (w)|  r
0
1
r0
2
|xa|
 
 
 
f
2
(x,w)
r̃
2
+ 
 
 
 
n , 8n   0 .
 w,+, 1,+  2,+   
 w,      h1 h2 0 < r̃1 < r1
0 < r̃
2
< r
2
  > 0
(
0 < r̃
1
+   < r
1
0 < r̃
2
+   < r
2
.
Id 
w 2 C  w,+ Mw :=
{h
1
h
2
= w} \    Mw
'w : h1 7!  w,+
✓
h
1
,
w
h
1
◆
Mw,1 :=
[
x2S 
|wxa|<r
1
r
2
⌦x,w ,
x 2 S  |wxa| < r1r2 ⌦x,w
⌦x,w :=
⇢
h
1
2 C |
 
 
 
 
wf
2
(x,w)
r
2
 
 
 
 
< |h
1
| <
 
 
 
 
r
1
f
1
(x,w)
 
 
 
 
 
.
'w
'w (h1) =  w,+
✓
h
1
,
w
h
1
◆
=
X
n  L
 w,+,n (w)h
n
1
⌦x,w x 2 S  |wxa| < r1r2 x 2 S 
|wxa| < r
1
r
2
 w,+,n (w) =
1
2i⇡
˛
 (x,w)
 w,+
⇣
h
1
, wh
1
⌘
hn+1
1
h
1
, n 2 Z,
  (x,w)
⇢ (x,w)
 
 
 
 
wf
2
(x,w)
r
2
 
 
 
 
< ⇢ (x,w) <
 
 
 
 
r
1
f
1
(x,w)
 
 
 
 
.
|wxa| < (r̃
1
+  ) (r̃
2
+  )
⇢ (x,w) =
 
 
 
 
r̃
1
+  
f
1
(x,w)
 
 
 
 
.
w 2 C |wxa|  r̃
1
r̃
2
⇠ 2 C |⇠| <  
 w,+,n (w + ⇠) =
1
2i⇡
˛
 (x,w)
 w,+
⇣
h
1
, w+⇠h
1
⌘
hn+1
1
h
1
, n 2 Z,
  (x,w)
⇣
⇢ (x,w) =
 
 
 
 
r̃
1
+  
f
1
(x,w)
 
 
 
 
⌘
|⇠| <  
{x = x
0
}⇥  ±  (x0, r)
 ±
{x = x
0
}⇥  ±  (x0, r0) ,
(h0
1
, h0
2
) 2  ±  (x, r0)
|h0
1
h0
2
| < r
0
1
r0
2
|xa| ,
Id 
|wxa|  r̃
1
r̃
2
 
 
 
 
 w,+
✓
h
1
,
w
h
1
◆
 
 
 
 
<
r0
1
r0
2
|xa| .
n 2 Z  w,+,n w 2 C
n 2 Z
(x,w) 2 S  ⇥ C |wxa|  r̃1r̃2
| w,+,n (w)| <
r0
1
r0
2
|xa| ⇢ (x,w)n =
r0
1
r0
2
|xa|
 
 
 
 
f
1
(x,w)
r̃
1
+  
 
 
 
 
n
.
w 2 C n < 0
0 x 0 S   w,+,n = 0 n < 0
 w,+
✓
h
1
,
w
h
1
◆
=
X
n 0
 w,+,n (w)h
n
1
.
w 2 C
⌦x,w :=
⇢
h
1
2 C | |h
1
| 
 
 
 
 
r̃
1
f
1
(x,w)
 
 
 
 
 
, x 2 S  , 0 < r̃1 < r1,
n   0
w 2 C
h
1
7!  w,+
✓
h
1
,
w
h
1
◆
=
X
n 0
 w,+,n (w)h
n
1
 w,+ (h1, h2) =
X
n 0
 w,+,n (h1h2)h
n
1
   (r̃) 0 <
r̃
1
< r
1
0 < r̃
2
< r
2
 ± 2 ⇤(faible)±  (Ynorm)  ±
 ± (x,y) = (x, 1,± (x,y) , 2,± (x,y)) ,
 
1,±, 2,± S±  ⇥ D (0, r)  ±
 i,± (x,y) = yi +
X
k2N2
 i,±,k (x)yk , 8 (x,y) 2 S±  ⇥D (0, r) ,
i = 1, 2 k = (k
1
, k
2
) 2 N2  i,±,k
S±  0
Id 
 v,± :=  1,± 2,±  v,+  v, 
y 2D (0, r)
8
>
>
>
>
<
>
>
>
>
:
 v,+ (x,y) = y1y2 + x
a
X
n 1
 w,+,n
⇣y
1
y
2
xa
⌘
 
y
1
f
1
 
x, y1y2xa
 
!n
 v,  (x,y) = y1y2 + xa
X
n 1
 w, ,n
⇣y
1
y
2
xa
⌘
 
y
2
f
2
 
x, y1y2xa
 
!n
,
S± ⇥D (0, r) S± ⇥D (0, r̃),
D (0, r̃) r̃ = (r̃
1
, r̃
2
)
0 < r̃j < rj , j 2 {1, 2} .
 w,+,n  w, ,n n 2 N
S0 ⇢ S±  D ⇢ D (0, r)
A,B > 0
| v,± (x, y1, y2)  y1y2|  A exp
✓
  B|x|
◆
, 8 (x,y) 2 S0 ⇥D .
 v,± y1y2 S± ⇥D (0, r)
 ±  H± = H±    ± .
(x,y) 2 S±  ⇥D (0, r)
 w,±
 
x,
y
1
f
1
 
x, y1y2xa
  ,
y
2
f
2
 
x, y1y2xa
 
!
=
 v,± (x, y1, y2)
xa
.
8
>
>
>
>
<
>
>
>
>
:
 v,+ (x,y) = x
a
X
n 0
 w,+,n
⇣y
1
y
2
xa
⌘
 
y
1
f
1
 
x, y1y2xa
 
!n
 v,  (x,y) = xa
X
n 0
 w, ,n
⇣y
1
y
2
xa
⌘
 
y
2
f
2
 
x, y1y2xa
 
!n
.
 v,± (x, y1, y2) y1y2
S±  ⇥D (0, r)  ± 2 ⇤̃±  (Ynorm)
 v,± (x, y1, y2) = y1y2 +
X
k2N2
 v,+,k (x)y
k ,
k = (k
1
, k
2
) 2 N2  v,±,k S± 
0  v,±
yk k
1
= k
2
n = 0 x 2 S±  v 2 C |v| < r1r2
v +
X
k 0
 v,+,(k,k) (x) v
k = xa w,+,0
⇣ v
xa
⌘
.
Id 
 w,±,0 C (↵± k)k2N ⇢ C
 w,±,0
⇣ v
xa
⌘
=
X
k 0
↵±,k
⇣ v
xa
⌘k
.
↵±,k = 0 k 6= 1  v,±,k S± 
0
 v,±,0 (w) = w .
8
>
>
>
>
<
>
>
>
>
:
 v,+ (x,y) = y1y2 + x
a
X
n 1
 w,+,n
⇣y
1
y
2
xa
⌘
 
y
1
f
1
 
x, y1y2xa
 
!n
 v,  (x,y) = y1y2 + xa
X
n 1
 w, ,n
⇣y
1
y
2
xa
⌘
 
y
2
f
2
 
x, y1y2xa
 
!n
.
 v,± y1y2
S± ⇥
 
C2, 0
 
| v,± (x, y1, y2)  y1y2|
x 2 S±  y 2 D (0, r)
 v,+  v, 
y
1
y
2
| v,+ (x, y1, y2)  y1y2| 
X
n 1
 
 
 
 
 
xa w,+,n
⇣y
1
y
2
xa
⌘
 
y
1
f
1
 
x, y1y2xa
 
!n 
 
 
 
 
.
r̃
1
, r̃
2
,   > 0
0 < r̃j +   < rj , j 2 {1, 2} .
|x| |y
1
| |y
2
|
2x 2 S 
|y
1
y
2
| < r̃1r̃2|2a| < r1r2 .
x̃ 2 S  w 2 C
|wx̃a|  r̃
1
r̃
2
=) | w,+,n (w)| 
r0
1
r0
2
|x̃a|
 
 
 
 
f
1
(x̃, w)
r̃
1
+  
 
 
 
 
n
.
x̃ = 2x w = y1y2xa |wx̃a| < r̃1r̃2
 
 
 
 w,+,n
⇣y
1
y
2
xa
⌘
 
 
 
 r
0
1
r0
2
|2axa|
 
 
 
 
 
f
1
 
2x, y1y2xa
 
r̃
1
+  
 
 
 
 
 
n
.
(x, y
1
, y
2
) 2 S  ⇥D (0, r̃)
(
2x 2 S 
|y
1
y
2
| < r̃1r̃2|2a| < r1r2 ,
Id 
| v,+ (x, y1, y2)  y1y2| 
X
n 1
 
 
 
 
 
xa
r0
1
r0
2
2axa
 
f
1
 
2x, y1y2xa
 
r̃
1
+  
!n 
y
1
f
1
 
x, y1y2xa
 
!n 
 
 
 
 
 r
0
1
r0
2
|2a|
X
n 1
 
 
 
 
 
✓
y
1
r̃
1
+  
◆n
 
f
1
 
2x, y1y2xa
 
f
1
 
x, y1y2xa
 
!n 
 
 
 
 
.
c̃(v)
r
1
r
2
> 0 S0 ⇢ S 
r̃
1
2 ]0, r
1
[ r̃
2
2 ]0, r
2
[ A,B > 0
(x, y
1
, y
2
) 2 S0 ⇥D (0, r̃) =) | v,+ (x, y1, y2)  y1y2|A exp
✓
  B|x|
◆
.
 
 
 
 
 
f
1
 
2x, y1y2xa
 
f
1
 
x, y1y2xa
 
 
 
 
 
 
=
 
 
 
 
2a1 exp
✓
   
2x
  cm
(y
1
y
2
)
m
x
log (2)  c̃ (y1y22
a)
2x
+
c̃ (y
1
y
2
)
x
◆
 
 
 
 
.
x 2 S0 2x 2 S0 x
(x, y
1
, y
2
) 2 S0 ⇥D (0, r̃) et 2x 2 S =)
 
 
 
 
 
f
1
 
2x, y1y2xa
 
f
1
 
x, y1y2xa
 
 
 
 
 
 
 |2a1 | exp
✓
  B|x|
◆
< 1 .
| v,+ (x, y1, y2)  y1y2| 
r0
1
r0
2
|2a|
X
n 1
 
 
 
 
2a1y
1
r̃
1
+  
exp
✓
  B|x|
◆
 
 
 
 
n
 r
0
1
r0
2
|2a|
 
 
 
2
a
1y
1
r̃
1
+  exp
⇣
  B|x|
⌘
 
 
 
1 
 
 
 
2
a
1y
1
r̃
1
+  exp
⇣
  B|x|
⌘
 
 
 
 A exp
✓
  B|x|
◆
,
A > 0
 v,±,0 (w) = w
S0 ⇢ S±  r̃1 2 ]0, r1[ r̃2 2 ]0, r2[
A,B > 0 x 2 S0
|h
1
|  r̃1|f
1
(x, h
1
h
2
)|
|h
2
|  r̃2|f
2
(x, h
1
h
2
)|
9
>
=
>
;
=) | w,± (x, h1, h2)  h1h1| 
A exp
⇣
  B|x|
⌘
|xa| .
C > 0
|h
1
|  r̃1|f
1
(x, h
1
h
2
)|
|h
2
|  r̃2|f
2
(x, h
1
h
2
)|
9
>
=
>
;
=)
 
 
 
exp
⇣
cm (h1h2)
m
log (x) + c̃(x
a
(h
1
h
2
)
m
)
x
⌘
 
 
 
 
 
 
exp
⇣
cm ( w (x, h1, h2))
m
log (x) + c̃(x
a
( w(x,h1,h2))
m
)
x
⌘
 
 
 
< C .
Id 
 
1,±  2,±
(
N (1,+) := N (2, ) := 1
N (1, ) := N (2,+) :=  1 .
n 2 N
C  j,⌫,n j 2 {1, 2} ⌫ 2 {+, }
n   N (j, ⌫) j 2 {1, 2}
8
>
>
<
>
>
:
 j,+,n (h1, h2) =
X
n N(j,+)
 j,+,n (h1h2)h
n
1
 j, ,n (h1, h2) =
X
n N(j, )
 j, ,n (h1h2)hn
2
.
 ± 
 ±  (r̃) 0 < r̃1 < r1 0 < r̃2 < r2
r̃
1
, r̃
2
,   > 0
0 < r̃j +   < rj , j 2 {1, 2} ,
C > 0 x 2 S±  w 2 C
|wxa|  r̃
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